While Calabi-Yau hypersurfaces in toric ambient spaces provide a huge number of examples, theoretical considerations as well as applications to string phenomenology often suggest a broader perspective. With even the question of finiteness of diffeomorphism types of CY 3-folds unsettled, an important idea is Reid's conjecture that the moduli spaces are connected by certain singular transitions. We summarize the results of our recent construction of a large class of new CY spaces with small Picard numbers and of their mirrors via conifold transitions and discuss the benefits of other approaches to interesting locations in the web that have been or should be pursued.
In the present note we summarize the result of our construction of new Calabi-Yau manifolds via conifold transitions and comment on other recent work. In section 2 we fix our notation by explaining the combinatorics of toric geometry and discuss singularities and the conifold transition. In section 3 we review our results on conifold Calabi-Yau's. In section 4 we conclude by discussing different approaches and some of their benefits as well as open problems and ideas that would be interesting to pursue.
Geometry and combinatorics
One of the most studied Calabi-Yau manifolds is the quintic, i.e. the hypersurface in P 4 that is defined by the vanishing of a homogeneous polynomial p d (z j ) = 0 of degree d = 5. We denote the homogeneous coordinates of projective points by [z] = (z 0 : z 1 : z 2 : z 3 : z 4 ) ∈ P 4 , where we use square brackets for equivalence classes w.r.t. the C * -identification (z j ) → (λz j ) for λ ∈ C * = C \ {0}. P n is covered by affine patches U i = P n \ D i with D i = {[z] ∈ P n : z i = 0}. On U i we can set z i = 1 and identify the remaining coordinates with affine coordinates on R n ≡ U i ⊂ P n . The vanishing of a homogeneous coordinate, like the vanishing of any homogeneous polynomial, is independent of the representative. On each patch U i the hypersurface p(z) = 0 is the vanishing set of the function f i ([z]) = p(z)/(z i ) d ; hence p(z) is a section of the line bundle O(d) with transition functions g ij = (z i /z j )
d . Introducing affine coordinates t i = z i /z 0 for U 0 we observe that all patches contain the points with all t i = 0, i.e. (t) ∈ (C * ) 4 . The multiplicative group (C * ) n is called the (algebraic) n-torus T n because it is the complexification of (U (1)) n . Projective space
is hence T 4 plus limit points, which are obtained by the vanishing of homogeneous coordinates. This generalizes to toric varieties P Σ , which are (partial) compactifications of T n with the natural torus action on itself extending to P Σ (cf. [8, 9, 23, 24] and references therein). The points of weighted projective spaces W P n q0...qn , i.e. C * -equivalence classes w.r.t. weighted scalings (z j ) → (λ qj z j ), are of this form. General toric varieties are then a further generalization with r homogeneous coordinates and r − n weighted scalings.
Polytopes and homogeneous coordinates
The data of a toric variety P Σ of dimension n is given by a fan Σ, which is a collection of cones σ ∈ Σ that is closed under intersections and taking faces. Moreover, all cones σ ⊆ N R ∼ = R n have to be rational (i.e. generated by lattice vectors in N ∼ = Z n ) and strongly convex (i.e. must not contain lines / have an apex). We now show how this data relates to the homogeneous coordinates.
Laurent polynomials f (t) = m∈Z n c m t m are finite sums of Laurent monomials t m = t 
For a toric variety the affine coordinates t i are Laurent monomials in the homogeneous coordinates z j ,
so that the homogeneous coordinates z j are canonically associated to exponent vectors v j with components v j , e i = v ji where {e i } is the canonical basis of M ∼ = Z n . The v j hence naturally live in the lattice N dual to M . The vectors v j ∈ N are the primitive generators of the 1-dimensional cones ρ j ∈ Σ(1) ⊆ Σ, where the k-skeleton Σ(k) consists of the k-dimensional cones of Σ. Weighted scalings
of the homogeneous coordinates z j leave the affine coordinates t i (and hence the points of the dense subset T n ⊂ P Σ ) invarint if and only if q j v j = 0. Maximal linearly independent sets of integral solutions q charges of chiral superfields in the gauged linear sigma model (GLSM) [25] . We thus can think of P Σ in four different ways:
A subtle point of the holomorphic quotient
. . , v r ) if the vectors v j do not span the N -lattice. Taking quotients by phase symmetries thus corresponds to a refinement of the N -lattice. The exceptional set Z Σ , which has to be removed before taking the quotient, is the union of irreducible components Z I = D I1 ∩. . .∩D Is , where I are minimal index sets such that there is no cone σ ∈ Σ containing all v I1 , . . . , v Is . 1 Succinctly, a subset of homogeneous coordinates may vanish simultaneously z j1 = . . . = z j k = 0 if and only if there exists a cone σ containing all corresponding rays ρ j1 , . . . , ρ j k ⊆ σ. For each cone σ ∈ Σ we thus define an affine patch U σ = P Σ \ vj ∈σ D j , i.e. U σ consists of the points [z] for which all coordinates z j with ρ j ⊆ / σ are nonzero z j = 0. The ring of regular functions on U σ is the semigroup ring
is regular on U σ if and only if m ∈ σ ∨ . The construction of U σ as the spectrum of A σ is, in fact, more general than the holomorphic quotient, which literally only works for simplicial fans [26] . The symplectic quotient C r // U (1) r−n is related to the GLSM [25] with gauge group U (1) r−n . It modes out only the compact part of the C * identifications while the radial directions are fixed to regular values of the moment maps µ a = j q 
All singularities of toric varieties can be resolved by subdividing cones, which is done by adding new rays and triangulating. We illustrate this in Fig. 1 with the compact example of W P 2 211 , whose weighted C * identification has the fixed point (1 : 0 : 0) for λ = −1. Subdivision of the cone (v 1 , v 2 ) with volume 2 by v 3 = 1 2 (v 1 + v 2 ) changes the exceptional set and adds the coordinate z 3 . For z 3 = 0 we can set z 3 = 1 and recover all points of W P 2 211 except for its singular point (1 : 0 : 0 : 1), which gets replaced by its blow-up P 1 ∋ (1 : z 1 : z 2 : 0), i.e. by the points with z 3 = 0 for which we can set z 0 = 1. The simplest singularity due to a non-simplicial cone is the conifold singularity with v 0 +v 1 −v 2 −v 3 = 0 as shown in Fig. 2b . The homogeneous coordinates are (λz 0 : λz 1 :
4 /C * so that the regular λ-invariant functions are generated by x = z 0 z 2 , y = z 1 z 3 , u = z 1 z 2 , v = z 0 z 3 and P σ = {(x, y, u, v) ∈ C 4 : xy−uv = 0}. As σ is not simplicial, equivalence classes of homogeneous coordinates 1 These minimal index sets I have been called primitive collections by Batyrev.
Copyright line will be provided by the publisher are in one-to-one correspondence to conifold points only after some "bad orbits" are dropped [23, 26] . The toric resolution of singularities now proceeds by triangulation of the cone. It amounts to a blow-up 0 → P 1 of the singular point and is called "small resolution". The singular transition between the two different triangulations is called a flop transition. There is, however, a third (non-toric) desingularization by deformation of the conifold equation xy − uv = ε, which topologically replaces the singular point by a 3-sphere [23] . The singular transition between a small resolution and a deformation is called conifold transition. This will be used in the next section for constructing new Calabi-Yau manifolds.
The dual polytope ∆ • of a polytope ∆ ∈ M R is defined by ∆ • = {y ∈ N R : y, x ≥ −1 ∀x ∈ ∆}. A lattice polytope ∆ is called reflexive if ∆
• also is a lattice polytope. Let ∇ be the convex hull of the generators v j of the rays in Σ(1) for a projective toric variety P Σ . It was shown by Batyrev [6] that a generic member X f of the hypersurface family with Newton polytope ∆ f in P Σ is a Calabi-Yau variety if and only if ∆
• f = ∇, so that both polytopes are reflexive. Moreover, mirror symmetry amounts to the exchange of ∇ and ∆. It is manifest at the level of Hodge numbers, for which a combinatorial formula in terms of numbers of lattice points on faces of ∆ and ∇ can be given [6] . If Σ is the fan over a maximal coherent triangulation of the polytope ∇ (using all lattice points) then the singular set of P Σ has codimension 4 and is generically avoided by the hypersurface equation f = 0 so that X f is smooth.
Conifold transitions and mirror symmetry
In physics conifold transitions were first studied by Candelas et al., who noted that the singularity is located at finite distance in moduli space [27] . The physics of the resulting CFT singularity was later understood by Strominger [28] in terms of wrapped D-branes that become massless black holes in 4d at the transition point. In mathematics, toric degenerations of Calabi-Yau hypersurfaces in Grassmannians [29] and Flag manifolds [30] were used for mirror constructions. Our construction [17] is a generalization of this idea. Table 1 Numbers of polytopes and Hodge data for hypersurfaces (H) and conifold CYs (C). Since we want a combinatorial description of the conifold singularities we consider 4-dimensional reflexive polytopes ∆
• whose 2-faces all are either basic triangles or parallelograms θ • of minimal volume. There are 198 849 polytopes with this property. For toric varieties the dimension of a singular set is equal to the codimension of the corresponding singular cone. We hence obtain a curve of conifold singularities that intersects with a generic hypersurface X f in k θ points, where k θ is the length (i.e. number of lattic points −1) of the edge θ of ∆ that is dual to θ
• . The total number of conifold points of X f is k = k θ . Differently from the usual procedure of choosing a maximal crepant projective resolution, which wouldimply a triangulation of all θ • , we keep the singular conifold curves in the ambient space and try to obtain a smooth CY by deformation. Namikawa found a criterion for such a deformation to exist [31] which can be translated into combinatorics [17] and leaves us with 30241 smoothable cases. Since the conifold transition blows down a number of P 1 's and replaces them by S 3 's the Picard number is reduced and we get a sizable number of new CYs with small h 11 , as listed in Table 1 and shown in Fig. 3 . The computations have been performed with PALP [32, 33] . The complete data can be found on the internet [34] .
So far only the 210 polytopes leading to h 11 = 1 have been analyzed in some detail. Computing the tripple intersection and the second Chern class we find 68 diffeomorphism types. Our proposed mirror construction uses the symplectic surgery condition of Smith, Thomas and Yau [35] and amounts to a specialization of the complex structure moduli [17] . We thus computed 30 different Picard-Fuchs operators.
Directions
For the conifold CYs discussed in section 3 much remains to be done, as they have been studied in some detail only for h 11 = 1. Even for this case the Picard-Fuchs operators are still unknown for all CYs with h 12 ≤ 36 and there are indications that in some cases our mirror proposal does not work. 2 It would be interesting to enumerate the diffeomorphism types (including torsion in cohomology [36] ) of all known examples for small Picard numbers, say h 11 ≤ 5, so that equivalences and the structure of the web can be analyzed. Moreover, other types of singular transitions should be investigated.
Many interesting geometries cannot be realized with hypersurfaces [16, 37] . While many examples of complete intersections are known [16, 38] , a complete enumeration, at least for small codimension and Picard number, would be important. This should be feasible [23] via an enumeration of reflexive Gorenstein cones [14] .
In a recent study of free permutation quotients Candelas et al. [39] succeeded in populating the realm where both Hodge numbers are small. Clearly combinations of these tools and the study of connections to other constructions would be of interest in order to get a better understanding of the web as well as for phenomenological purposes.
